A novel property of the quantum critical heavy fermion superconductor β-YbAlB 4 is revealed theoretically. By analyzing the crystalline electronic field (CEF) on the basis of the hybridization picture, odd parity CEF is shown to exist because of sevenfold configuration of B atoms around Yb, which breaks the local inversion symmetry. This allows onsite admixture of 4f and 5d wavefunctions with a pure imaginary coefficient, giving rise to the magnetic toroidal (MT) degree of freedom. By constructing a realistic minimal model for β-YbAlB 4 , we show that onsite 4f-5d Coulomb repulsion drives charge transfer between the 4f and 5d states at Yb, which makes the MT fluctuation as well as the electric dipole fluctuation diverge simultaneously with the critical Yb-valence fluctuation at the quantum critical point of the valence transition.
A novel property of the quantum critical heavy fermion superconductor β-YbAlB 4 is revealed theoretically. By analyzing the crystalline electronic field (CEF) on the basis of the hybridization picture, odd parity CEF is shown to exist because of sevenfold configuration of B atoms around Yb, which breaks the local inversion symmetry. This allows onsite admixture of 4f and 5d wavefunctions with a pure imaginary coefficient, giving rise to the magnetic toroidal (MT) degree of freedom. By constructing a realistic minimal model for β-YbAlB 4 , we show that onsite 4f-5d Coulomb repulsion drives charge transfer between the 4f and 5d states at Yb, which makes the MT fluctuation as well as the electric dipole fluctuation diverge simultaneously with the critical Yb-valence fluctuation at the quantum critical point of the valence transition.
Quantum critical phenomena not following the conventional magnetic criticality [1] [2] [3] have attracted much attention in condensed-matter physics. The heavy-electron metal β-YbAlB 4 with an intermediate valence of the Yb ion 4) exhibits a new type of quantum criticality as the magnetic susceptibility χ(T ) ∼ T −0.5 , the specific-heat coefficient C(T )/T ∼ − log T , and resistivity ρ(T ) ∼ T 0.5 (T ) for T < ∼ 1 K (T > ∼ 1 K). 5) Furthermore, the T/B scaling where χ is expressed as a single scaling function of the ratio of the temperature T and magnetic field B over four decades was discovered. 6) These novel phenomena motivated theoretical studies. [7] [8] [9] [10] The theory of critical Yb-valence fluctuation (CVF) explains not only the quantum criticality in each physical quantity but also the T/B scaling in a unified way. 8, 9) Recently, the experimental evidence of the quantum valence criticality has been discovered in α-YbAl 1−x Fe x B 4 (x = 0.014).
11) The sister compound α-YbAlB 4 shows the Fermiliquid behavior at low temperatures. 6) However, by substituting Fe to Al 1.4%, the same unconventional criticality and the T/B scaling as those in β-YbAlB 4 emerges. A remarkable point is that at x = 0.014 a sharp Yb-valence crossover occurs that accompanies a sharp change in the volume.
11) This provides experimental verification of the theory of the CVF and also valence crossover arising from the quantum critical point (QCP) of the Yb-valence transition. 8, 9) The CVF is the charge transfer (CT) fluctuation between the 4f electron at Yb and the conduction electron. In this Letter, we clarify a unique nature of the CT effect under the odd parity crystalline electric field (CEF) arising from local configuration of atoms around Yb in β-YbAlB 4 . By constructing the realistic minimal model, we reveal that onsite 4f-5d Coulomb repulsion drives the CT between the 4f and 5d states at Yb, which makes the magnetic toroidal (MT) fluctuation as well as the electric dipole (ED) fluctuation diverge simultaneously with the CVF at the QCP of the valence transition.
Let us start with the CEF in β-YbAlB 4 . Since in Yb 3+ the 4f 13 configuration is realized and in Yb 2+ the closed shell appears with the 4f 14 configuration, it is convenient to take the hole picture instead of the electron picture. The ground state of the CEF for the 4f hole state at Yb has been proposed the- oretically to be |J = 7 2 , J z = ± 5 2 , 7) which accounts for the anisoropy of the magnetic susceptibility. The realization of the |J = 7 2 , J z = ± 5 2 ground state suggests that the CEF in β-YbAlB 4 is to be understood from the hybridization picture rather than the point-charge model. This view is compatible with the fact that the conical wavefunction of |J z = ± 5 2 along the c axis spreads almost toward B rings, which acquires the largest 4f-2p hybridization, as shown in Fig. 1(a) . 7) On the basis of the hybridization picture, let us analyze the CEF at the Yb1 site in the i-th unit cell surrounded by seven B atoms at upper and lower planes in Fig. 1(a) [in the unit cell, there are two equivalent Yb atoms labeled by Yb1 and Yb2, respectively, as shown in Fig. 1(b) ]. The point group symmetry at Yb is approximately sevenfold rotation C 7 and hence we take the 2p states at the B site as the basis functions: ϕ p z and ϕ p ± ≡ (ϕ p x ± iϕ p y )/ √ 2. The CEF energy of the |J z = ± 5 2 state is quantified by the second-order perturbation
where i1, j represents the nearest-neighbor (N.N.) pairs between B sites and the Yb1 site in the i-th unit cell, i.e., j = 1 ∼ 7 (8 ∼ 14) for the upper (lower) plane in Fig. 1(a) .
Here, m = z, ±, σ =↑, ↓, and J z = ± 5 2 . The microscopic origin of the CVF is considered to be the onsite 4f-5d Coulomb repulsion U fd at Yb. Actually, the firstprinciples calculation shows that the Yb 5d state contributes to the energy band near the Fermi level E F . 12) Since the 5d bands are shifted down and forming the wide bandwidth more than 10 eV around E F , 12) the high-energy 5d-electron state in an isolate Yb ion within the atomic picture i.e. Hund's rule seems to be relevant to the low-energy state in the hole picture in the crystal. As shown in Fig. 1(a) , the 5d wavefunction for |J = 5/2, J z = ±3/2 spreads most closely to the direction to the B rings, which can acquire the largest 5d-2p hybridization among the J = 5/2 and J = 3/2 manifolds. This is compatible with the hybridization picture mentioned above. Therefore, we proceed our analysis based on the hybridization picture by considering the 4f |J z = ± 5 2 state and 5d |J z = ± 3 2 state at Yb site, which will be denoted as |± 
for J z = ± 
where ∆ 0 (> 0) is the excitation energy to the 4 f 0 -hole state (i.e., 4 f 14 electron state), and n p jmσ and ǫ p jmσ are the filling and energy of 2p hole, respectively. By inputting the SlaterKoster parameters 13, 14) to V pd * jmσ,i1±
and assuming n p = n p jmσ and ǫ p = ǫ p jmσ for simplicity, we find that this off-diagonal term is expressed in the form of pure imaginary: ∆E(± 2 ) = iA with A being a real number. We also have
2 |, the CEF ground state is obtained as the Kramers doublet
where u is given by u
The admixture of the pure imaginary term in Eq. (3) is also naturally understood from the local geometry around Yb shown in Fig. 1(b) . Since seven B atoms surround each Yb atom symmetrically with respect to the bc plane at which the Yb atom is located, the electric field should work at Yb along the b direction. If we calculate the ED moment Q i1x ≡ −ex i1 and Q i1y ≡ −ey i1 , whose operators are given by Q i1ζ = Q i1ζ+ + Q i1ζ− for ζ = x, y with Q i1x+ = −e , we obtain Ψ ± |Q i1x |Ψ ± = e This implies that whenũ ± is a real andṽ ± is a pure imaginary, we obtain the symmetrically allowed form as Ψ ± |Q i1x |Ψ ± = 0 and Ψ ± |Q i1y |Ψ ± 0, which is indeed the case of Eq. (3). The ED moment for Eq. (3) is given by Ψ ± |Q i1y |Ψ ± = e 10 7 3 10 uA/(u 2 + A 2 ).
The result of Eq. (3) indicates that there exists the on-site 4f-5d hybridization, which is usually forbidden in centrosymmetric systems. The odd-parity CEF term is
Recently, novel multipole degrees of freedom, the MT moment has been defined quantum-mechanically [15] [16] [17] as
at the site r i , where l i and σ i are the orbital and spin angular-momentum operators, respectively. In the | ± and Ψ ± |T i1y |Ψ ± = 0. The MT moments of the Kramers degenerated states are aligned to the ±x ( ±a) directions at the Yb1 site as illustrated in Fig. 1(b) . Since another Yb atom in the unit cell, Yb2, which has opposite sign of A in Eq. (4), the MT moments are aligned oppositely as shown in Fig. 1(b) . At each Yb site, the net MT moment is zero due to the Kramers degeneracy.
On the basis of these analyses, let us construct the Hamiltonian for the periodic crystal of β-YbAlB 4 , which consists of the 4f J z = ±5/2 and 5d J z = ±3/2 states at Yb and 2p z and 2p ± states at B:
where α = 1, 2 specifies the Yb1 and Yb2 sites, respectively. Here, the 4 f part is given by H 
The transfer for 2p states is given by
where j, j ′ takes the N.N. B pairs in the ab plane and in the c direction [see Fig. 1(a)] .
Although H opCEF iα
is not included in Eq. (6) explicitly, the effect is expected to inhere via the 2p-4f and 2p-5d hybridizations. To clarify the effect of the CT under the odd-parity CEF, we apply the slave-boson mean-field theory 18) to Eq. (6). To describe the state for U = ∞ responsible for heavy electrons, we consider f † 6), we employ the mean-field decoupling as
) with N being the number of unit cells. By approximating mean fields as uniform ones, i.e.,b α = b iα andλ α = λ iα , the set of mean-field equations is obtained by ∂ H /∂λ α = 0, ∂ H /∂b α = 0, and ∂ H /∂R α = 0:
Here, ξ specifies the N.N. B sites for the Ybα site [see Fig. 1(a) ]. We solve these equations together with the equation for the fillingn ≡ α=1,2 (n
As for the relation among the Slater-Koster parameters, following the argument of the linear combination of atomic orbitals, 19) we set (ppπ)
, and (ddδ) = (ddσ)/6. In the hole picture, we take the energy unit as (ppσ) = −1.0 and set (pdσ) = 0.6, (p f σ) = −0.3, (ddσ) = 0.4 as typical values. We found that the calculated band structure for ε d = −1 and ε f ≈ −2.3 atn = 23/32 well reproduces the recent photoemission data near E F 20) and then here we employ these parameters. We performed numerical calculations in the ground state in the N = 8 3 , 16 3 and 32 3 systems and the results in N = 32 3 will be shown below. We confirmed that Eq. (3) with these parameters reproduces the tendency of the anisotropy in the magnetic susceptibility observed in β-YbAlB 4 . 
), whose absolute value has a maximum at ε f = −2.294 > ε QCP f
. The MT moments along x direction for each Kramers stateT 1x± also show the sign changes in the vicinity at the QCP, which are also enhanced for ε f > ε QCP f with opposite signs whileT 1y± = 0. We note that the relation |Q 1y | = 4e 3µ B |T 1x± | holds. Thus the total MT moment is zeroT 1ζ = 0 for ζ = x, y. As for the Yb2 site, we obtainedQ 2x = 0,Q 2y = −Q 1y ,T 2x = 0, and T 2y = 0. These results are consistent with the perturbation analysis, which indicates that the odd-parity CEF [see Eq. (4)] is actually generated in Eq. (6) .
AlthoughT α = 0 is the consequence of the time reversal symmetry of the paramagnetic (PM) state, the MT fluctuation can arise even in the PM state. Then, we calculate the susceptibility of the MT moment
with T x q = i e −iq·r i T i1x . Figure 3(a) shows the ε f dependence
We find that χ MT has a peak at ε f = ε QCP f . This implies that the MT fluctuation is enhanced at the QCP. Since the CVF i.e. CT fluctuation diverges at the QCP, the MT fluctuation is expected to diverge at the QCP if the effect of the CVF is taken into account.
To quantify this beyond the mean-field theory, let us rewrite the MT susceptibility in the form of 
holds where χ Q y Q y (q, ω) is defined as χ Q y Q y (q, ω) = We also confirmed the tendency that even within the mean field theory, by applying conjugate field to the MT moment − iα h α T iαx to Eq. (6), ∂T αx /∂h α diverges at the QCP for a finite h α . This also supports that the MT fluctuation diverges at the QCP.
In α-YbAl 1−x Fe x B 4 , the coincidence of the valence QCP and the magnetic transition seems to occur at x = 0.014 as discussed in Ref. 25 . This suggests a possibility that the MT order occurs for x > 0.014 and the divergence of the uniform MT fluctuation with q = 0 at the QCP affects the MT orders. In β-YbAlB 4 , there is also a possibility that the MT order occurs. In that case, it is expected that the MT moment is aligned to +x (−x) direction at the Yb1 (Yb2) site, or vice versa, giving the alignment of the staggered MT moments in the ab plane [see Fig. 1(b) ].
In summary, by constructing the realistic minimal model for β-YbAlB 4 , we have shown that the 4f-5d Coulomb repulsion under the odd parity CEF is the microscopic origin to induce the divergence of the MT fluctuation as well as the ED fluctuation simultaneously with the divergence of the CVF at the QCP of the valence transition. Our study has revealed the underlying mechanism by which novel multipole degrees of freedom can be active as fluctuations, which is a new aspect of the CT effect.
